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$1. INTRODUCTION 
LET f: X-, Y be a map in one of the categories of manifolds and maps discussed in the 
introduction to [3]. The objects and maps of such a category will be referred to as smooth 
manifolds and maps. We may suppose, for example, that X, Y andfare C” or C” or com- 
plex analytic. We suppose also that dim Y = dim X and thatfis transversal to the singulari- 
ties C’ and Z’, and also to each of the parts of Cz that we shall be studying. For the sake of 
simplicity we suppose also that Cy= 0 for i 2 3. Now the second-order decomposition of 
C’ is well-known in a local sense. See, for example, Arnol’d [l]. In this paper we study this 
decomposition afresh in terms of the second intrinsic differential off and take advantage of 
the global presentation we achieve to compute the Thorn polynomials of the various types. 
Throughout the paper, to avoid cumbersome notations, we consistently follow the 
convention of our earlier paper [3] to write simply F (on A) in place of g*F for the bundle 
induced on A from a bundle F on B by a map g: A + B, and to write c(F) in place of c(g*F) 
or g*c(F) for its Chem class. From the context it should always be possible to infer at any 
stage which symbols have been omitted. 
$2. THE SECOND INTRINSIC DlFFERENTIAL. [3], 141 
The first intrinsic differential 8,f of the smooth map f: X-+ Y is the tangent map 
Tf: TX --+ TY. We shall be interested particularly in this paper in the set C’J the subset of X 
on which the kernel rank, or dimension of the kernel, of TX is equal to 2. To describe 
this set let G2(TX) denote the Grassmannian of 2-planes in the fibres of TX; then there is a 
smooth injection s: C’f+ G2(TX) sending each point x of C’Y_) to the two-dimensional 
kerne! of the tangent map there. The diagram of maps is 
where rr is the bundle projection and i is the inclusion. On G,(TX) we have the diagram of 
bundles 
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where TX and TY should be replaced strictly by their pull-backs n*TX and (f?)*TY. 
This diagram defines the bundle mapf’. The bundle Kis the tautological bundle, associating 
to each point of G2(TX) itself as a Z-plane of the associated fibre of TX. The bundle M is the 
quotient bundle TX/K with rank (dim X) - 2. 
Clearly, since Zy= @ for i 2 3, the image of s is exactly C*fr, the set of zeros of 
f ‘ : K -+ TY, and this is the set of zeros of the induced section of the bundle Hom(K, TY). 
The transversality condition forfon C2 is equivalent to the statement that this section is 
transversal to the zero section. The bundle Hom(K, TY), restricted to the image of S, is 
then naturally isomorphic to the normal bundle of the image of s in G,(TX). Moreover the 
tangent bundle along the fibres of G2(TX) is naturally isomorphic to Hom(K, M). NOW on 
im s the bundle K is exactly the kernel of Tf so the diagram of bundles extends on ims and 
therefore also on Z*fto the diagram 
where Q = TY/M. It follows that the normal bundle of C’fin X is naturally isomorphic to 
Hom(K, Q) pulled back to C’f from G,(TX) by s *. On C’f we also have the diagram of 
bundles 
The map a2f : K -+ Hom(K, Q), which is symmetric in the obvious sense, is what we call the 
second intrinsic differential off on C’f [3], :[4]. 0 n any chart for X the intrinsic second 
differential is just the obvious restriction of the ordinary second differential. (Higher-order 
intrinsic differentials are usually less easy to describe in terms of the ordinary differentials. 
The ordinary second and higher-order differentials are of course not globally defined.) 
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In what follows we denote &f for brevity simply by d, and denote the induced bundle 
map 
Ko K-+ Q; u o u’~d,(u)(u’) 
by 8,‘. We may think of Z2’ restricted to the fibre (K 0 K)(a) of K = K at a point a of C”f 
as a pencil, or projective line, of quadratic forms on K(u), for dimQ(u) = 2 and to each 
u E Q(a)” there is associated a quadratic form on K(a) with values in the field, namely 
z& ]K 0 K(u)). 
$3. THE SECOND-ORDER DECOMPOSITION OF C*f 
(a) C:J Let a E C’f. Then it is possible first of all that there is a line through the 
origin in K(u) such that, for any point u of the line, rk a2 u = 1. This is normally a (projec- 
tive) quadratic condition on U. In the real case there are three possibilities, hyperbolic, 
elliptic and parabolic, according as the roots of the quadratic are real, are not real or coin- 
cide. (We ignore for the moment the further possibility that the coefficients of the quadratic 
are all zero so that, for every u E K(u), rk a,(u) = 1.) 
Suppose then that at a E Z’fthere is a line through the origin in K(u) such that for any 
point u of the line rk d,(u) = 1; then there exists also a line through the origin in (Q(u))” 
such that for any point u of this line 48, U) = 0 and also a second line through the origin in 
K(a) such that for any point U’ of this line (8, u(u’) = 0. From the symmetry of 3, it follows 
that in that case rk d2 u’ = 1. The parabolic case is readily verified to be that in which the 
lines [u] and [u’] of K(a) coincide. In fact this case is characterised by the existence of a 
unique line in K(a) for each point I( of which 8, u2 (= (8, U)(U)) = 0. 
We denote the parabolic part of E2fby Cf,,J the subscript (I) referring to the fact that 
its generic codimension in C2f is 1. A model of C:f can be constructed on G,(K), with K 
located on C'f' = im s. Let L denote the tautological line bundle on G,(K). Then the required 
model is a subset of the set of zeros of the restriction to L 0 L of a2’ : K o K + Q. This is a 
bundle map L 0 L --f Q on G,(K). The appropriate transversality condition, which we assume 
fulfYled, is that the induced section of Hom(L 0 L, Q) is transversal to the zero section. The 
diagram of spaces and maps is 
where s(,) is the smooth injection with image the model of Zfi,f we wanted. In view of the 
transversality condition our model has codimension 2 in G,(K), so that C&J has codimen- 
sion 1 in C’f as previously asserted and therefore has codimension 5 in X. As we shall see 
later the image by jrr’ of the full set of zeros of the bundle map L 0 L -+ Q is the union of 
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Z:l,f, C,“,,f (excluding the elliptic part in the real case-see befow), C2*iA which is the 
parabolic part of Zf2J, and C’s’J 
(b) Z&J. A second possibility is that the rank of the bundle map Z2’ : K3 K-+ Q is 
equal to 1, in which case kr 2,’ = 2 and kr (8,‘)” = 1. The set of points where this 
is so will be denoted by I&f, its generic codimension, which we assume assumed, being 
kr d2’kr (~3~‘)” = 2. 
At each point a of EtZf there is a tine through the origin in Q(a), at each point t: of 
which ~(6,’ jK0 K(Q)) = 0. In this case there is essentially a single quadratic form on K(a) 
rather than the pencil we had before. This is the case that rk d, u = 1 for aII II E K(a) that we 
ignored earlier. The condition t2 u* = 0 is now a (projective) quadratic condition on U. In 
the real case there are again three possibilities, hyperbolic, ehiptic and parabolic. We have 
aiready hinted, and will later indicate in more detail, that the points where the quadratic is 
hyperbolic or parabolic are in the closure of Xf,,fwhile the elliptic points are not. A fourth 
possjbility, which we return to later, is that all the coeficients of the quadratic are zero. it 
turns out that in this case rk d,’ = 0. 
(c) C2-1J The case where the condition Z2 u2 = 0 is parabolic requires further examina- 
tion, It is easy to see that this, along with rdz’ = 0, is equivalent othe assertion that Z1 u = 0 
and that we have exactly the singularity set CzV1f, where rk8, = 1. The generic codimension 
in C2fthis time is 3 and to make a model we go back to G,(K) where we earfier constructed 
the model of Xtr,J The codimension in X is 7. 
(d) X2,‘& The final case is that the second intrinsic deferential Z2 has kernel rank 2 and 
so is zero. This gives us the singularity set Z***f which generically has codimension 6 in 
C”f and codimension 10 in X. Of course 8:’ also is zero on Z’+“f and it is here that aI1 the 
coefficients of the quadratic discussed in case (b) are zero. 
I owe to Les Lander, who is studying the higher-order decomposition of Z2f, the obser- 
vation that, for a mapf : X -+ Y with X and Y real seven-dimensional C” manifolds and 
f C”, the singularity sets C:lt_K 6tZjf and C2,‘f form a Whitney umbrella in C’fnear each 
of the (isolated} points of C**‘f. 
The originai Whitney umbrella was, I think (cf. [S]), the image of the singular set (or the 
Landau sing~llarity [2f) of the map 
R’ -+ R3 ; (X, J+ t--t (X’, y’, Z’) 
defined by the equations s’ = X, J$’ = xy, Z’ = 4(x2 + v2), or, in terms of polar coordinates 
r, 0 for R*, 
X’ = r cos R, 3” = +r2 sin 20, :’ = 4rZ. 
The matrix of the differential is , which has kernel rank 1 only at the origin of R’. 
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The canras of the umbrella is the image of R’ in R3, the origin of R3 being the point of the 
umbrella and the /-axis the handle for z’ < 0 and the double-line of the canvas for z’ > 0. 
Any configuration diffeomorphic to this will be called a Whitney umbrella. 
(One can almost make a Whitney umbrella very simply by folding a sheet of paper 
once along its long median line and then folding the fold back along itself so that the 
paper appears to intersect itself along the fold. But this does not have the requisite smooth- 
ness at the origin in directions other than the singular direction.) 
In the case that dim X = dim Y = 7, 
consists of isolated points. Each lies on a 
bolic, separating elliptic from hyperbolic 
dim Z’f = 3. The set Cz~‘J having dimension 0, 
component of 2T2)f of dimension 1 and is para- 
points. This component of Xt2,f is the axis of a 
Whitney umbrella, the elliptic part being the handle proper and the hyperbolic part being the 
double line of the canvas. The canvas apart from its double line consists of the set Xfl,f 
of dimension 2. 
The correspondence is set up via the lines of U’S and C’S that we noted earlier. Near a 
point of .Z2*‘f we can take K and Q” to be product bundles with fibres real two-dimensional 
linear spaces U and Y respectively. For each a E C2f we may identify K(a) with U and 
(Q(a))” with V. Let P(U) and P(V) denote the real projective lines C,(U) and G,(V) res- 
pectively. To each point a of Zil,f we therefore have associated a point [u] of P(U) and a 
point [z.] cf P(V) such that d, z12 = 0 and rd, u = 0. On Ctz,f we still have associated a 
unique point [t.] of P(V), that for which u 8,’ = 0, but there are now two points [u] or one 
point or none of P(U) such that d2 U* = 0 according as the point a belongs to the hyper- 
bolic, parabolic or eiliptic part of It2J Of course P(U) and P(V) may be thought of as 
circles. The correspondence between the singular sets and the Whitney umbrella should now 
be clear. The axis of the umbrella near the chosen point of C2*‘f determines part of the 
projective line P(V) while the fabric is foliated by copies of P(U) each with two points 
identified (figures of eight), the leaves of the foliation being indexed by the hyperbolic part 
of P(V). 
The analysis we have just outlined may be used to prove that iff: X + Y admits all its 
singularities transversally, with Cy= 0 for i 2 3, then the closure of Xtl,f consists of 
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ZF,,fitself, the whole of Xfz,f, including E’*‘A in the complex case, but only the hyperbolic 
part of E&Jand the parabolic part, Z’*‘f, in th e real case, and finally, in either case, C’*‘f. 
Moreover C*,‘falso completes the closure of C&,fand X2s1J 
§5. THOM POLYNOlMIALS 
The techniques of [3] may be applied to compute the Thorn polynomials of the singu- 
larity types Zfi, and C&, as well as of C *J and C***. The polynomials are 
c* : fy ;I = c** I I - ClC3 (computed in [3]) 
w(c1~:~ ::l,l:: :;I) 
q2) : (Cl2 - c2) 
I:: ::/+2$: z;/+$: ::I 
(also computed by Ronga [j])t 
and X2,* : a fiendish polynomial we give later. 
In the real case, of course, where we work mod 2, the polynomials for Ztll and X2*’ 
disappear. This is not surprisin g, for each of these singularity types is parabolic and the 
number of transitions on a one-dimensional compact manifold, or circle, from hyperbolic 
to elliptic and back again must be even. The actual polynomials in these two cases are more 
closely related than appears from the above list, as we shall see during the computation. 
Specifically what we compute in each case is the characteristic class, in the appropriate 
sense, of the closure of Ct,,f, C,',,f, C2*'f and C**‘J 
In the computations which follow we assume familiarity with [3], in particular Proposi- 
tion 0.3 and Lemmas 0.4-0.7, as well as Theorem 1.3. We add to these one additional 
Lemma: 
LEMMA 1.4. Let K = K, be the tautologicaf bundle on G,(TX), with c(K) = J$zO ki, and 
let j be the inclusion of Yf' (or Z,(fy in the notations of [3]) in G,(TX). Then for any Ji E Z, 
1 <iSa, 
n*Clkl~-i+jloj*l)= Iccz+,l,-i+jl. 
The proof is an easy exercise on Lemma 0.7, Proposition 0.3 and Theorem 1.3 of [3]. 
(As in [3], when ci is mentioned without further qualification the ith characteristic class 
of TY - TX (strictly,f*TY - TX) is intended.) 
t Ronga is mistaken in [6] in his assertion that the Thorn polynomials for the singularities C’ are to be 
found in [7]. Although Thorn goes much of the way on page 48 of that paper yet later, on page 82, he says: 
“Pour la d&termination des ensembles critiques S, [i.e. c’] defde corang r < 1, je ne connais pas de prockdt 
pratique.” 
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The polynomial for Efl, 
Consider the set of zeros of the bundle map L 0 L + Q, where L is the tautological 
bundle on G,(K), with K restricted to the image of s in &(TX). The route we follow is 
G,(K) 2 ims i G2(TX) 2 X. 
The image of the set of zeros by rrjn’ is the closure of Z-fi, in X. Now the set of zeros is also 
the set of zeros of a section of the bundle Hom(L o L, Q), transversal to the zero section by 
our transversality assumption, and so has characteristic class c,(Hom(L 0 L, Q)). This, by 
the argument of 13, Theorem 1.31, is equal to cZ(Q - L 0 L). Now c(L 0 L) = 1 + 21. So 
c(-LoL)= 1 - 21+ 412, up to degree 2, and 
cZ(Q - L 0 L) = q2 - 219, + 41’ 
= q2 + 2qI(f’ - k,) + 4(-f’k, + k12 - k,) 
where 1 + I’ = c(L’) with L’ = K/L. Now, by [3, Proposition 0.31, n’,l’ = 1 and rc’*l = 0. 
Therefore, since Q and K are in image of n’*, the image by rr’* of c,(Q - L 0 L) is 
2(q, - 2kJ = 2(c1 - k,). 
This is the class of the closure of the model of CF1, on C2fr. It remains to compute the image 
of this by rc&. But 
~*j*2(c,--k,)=~*Z(c~+I~ Fl’i)j*l 
=2(crj:: ::I’/:: ::I)> 
by Lemma 1.4. 
The polynomial for C&) 
The model for Ct2,f on X2f ‘is just the set of points where the bundle map a,’ : K 0 K + Q 
has kernel rank equal to 2 and the closure of this, by Theorem 1.3, has characteristic class 
I I “; z: (Q-KoK). 
It remains to compute the image of this class under rc*j*. Now if we formally suppose that 
c(k) = (1 + 1)(1 + I’) then 
c(Ko K) = (1 + 21)(1 f 22’)(1 + f + 1’) 
= (1 + 2k, + 4k,)(l + k,) 
= 1 -I- rl + r2 + r3, say, 
with 
rl = 3k,, r2 = 2klZ + 4k, and r3 = 4kIk2. 
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= 41 2 - q2 - 3q,k, -I- 2k12 + 4k2 
= (cl + k,)’ - c2 - clkl - k, 
- 3(c, + k,)k, + 2k12 + 4kl 
= Cl z - c2 - 2c,k, + 3kz 
from which it follows, by Lemma 1.4 again, that the polynomial we are after, the image by 
rc+j* of what we have just computed, is 
The polynomial for C”’ 
The model for C’*‘fon C’f’is the set of points where the bundle map d2 : K-+Hom(K, Q) 
has kernel rank 1 and the characteristic class of the closure of this is, by Theorem 1.3, equal 
to c,(Hom(K, Q) - K), which, after some hard work, may be proved equal to 
2(c, - kl)(c2 + k,). 
One gets there faster by returning to first principles and using instead the model on G,(K). 
This is the set of zeros of a section, transversal to the zero section, of the bundle 
Hom(L, Hom(K, Q)) = L” 0 K” 0 Q. 
Let c(L) = 1 + I, c(K) = (1 + /)(I + I’), with 1 + I’ = c(L’), where L’ = K/L, and let 
c(Q) = (1 +- a)(1 + p). Then the top class of L” 0 K” @ Q is equal to 
(U - 21)(p - 21)(r - k,)(P - k,) = (q2 - 2fq, + 41 ‘)(q2 - k,q, + k,‘). 
Now we have already seen, in our discussion of C:,,, that x’*(q2 -2/q, + 41’) = 
2(c, - k,), while q2 - k,q, + k12, which is in the image of TL’*, is equal to 
c2 + elk, + kl - k,(c, i-k,) + k,’ = c2 + k, 
So we have 2(c, - k,)(c, + k2) for the class of the model on C'f' as asserted above. This can 
be written in the form 
from which it follows, by Lemma 1.4, that the class of C2s1f on X is 
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The polynomial for Ezvz 
The model for C’*‘f on C’f-’ is just the set of zeros of Z2, or, equivalently, of 
dz’: K 0 K+ Q, and the class of this set, by Theorem 1.3, is equal to 
c2 c3 c4 
I i 
Cl c2 c3 (Q - Ko K). 
1 Cl Cl 
Here again however one gets on faster by goin, 0 back to first principles and computing the 
top class of the bundle K” 3 K” @ Q. If we write 
c(K) = (1 + 1)(1 + r’) and c(Q) = (I + ~)(l + /?) 
this class is 
(r - 21)(8 - 2!)(C? - 21’)(/? - 21’)(r - k,)(/? - k,) 
= (42 - 2fq, + 4fZ)(q2 - 21’q, + 4P)(q, - k,ql + k,‘). 
The third factor, by an earlier computation. is equal to c2 + kz The product of the first two 
is equal to 
cz2 + (41i, - k,‘)c,’ + (2/c,’ - 6k2)cz + (2ki3 - 8kikJci + 3k2’ - 2k,‘kz 
The polynomial for C2*2 we eventually obtain is, modulo human error, 
c2 
-2 
c6 cl I I, c3 c4 
In view of the fact that the codimension of C3 is 9, all of these polynomials, with one 
exception, are the genuine Thorn polynomials for the singularity types stated. The one pos- 
sible exception is the last one, but the interrelationship of C’V2 with X3 is something for 
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